We present a method to study the coseismic displacements caused by point dislocations in a 3-D heterogeneous, spherical earth model. Specifically, first we express the solutions by the sum of unperturbed displacements on a spherically symmetric earth model and the effects of the Earth's laterally inhomogeneous structures (3-D effect). Then we deliberately decompose the 3-D effect into two contributions: the effect of seismic sources and the effect of the Earth's lateral increments, which are obtainable, respectively, by perturbation of seismic source functions and perturbation of equilibrium equation. Next we present new formulations for six point seismic sources: a vertical strike-slip, two vertical dip-slips perpendicular to each other and three tensile openings on three perpendicular planes. A combination of the six dislocations is useful to compute the 3-D effect resulting from an arbitrary seismic source at an arbitrary position. Finally, based on a 3-D earth model we calculate the coseismic displacements resulting from three types of point dislocations. Results show that the maximum 3-D effect on coseismic displacements, which varies concomitantly with the dislocation type and the source depth, is about 1-2 per cent of the corresponding unperturbed solutions. Among those parameters the effect due to the heterogeneities in S-wave velocity is biggest.
D E F O R M AT I O N S F O R A S P H E R I C A L LY S Y M M E T R I C E A RT H M O D E L
We start with a spherically symmetric non-rotating, perfectly elastic and isotropic (SNREI) earth model (Dahlen 1968 ) with physical parameters of density ρ(r ), gravity g(r )and Lame's parameters λ(r ) and μ(r ). The variable r denotes the distance from the centre of the Earth. For simplicity the internal non-hydrostatic pre-stresses of the Earth are not considered. Then, elastic deformations caused by internal or external force conform to the following linearized equations of equilibrium, the stress-strain relation and Poisson's equation (Alterman et al. 1959; Farrell 1972; Takeuchi & Saito 1972) : L(u, ψ) = ρ∇(ψ + gu r ) − ρge r (∇ · u) + ∇ · τ = 0, (2.1)
2)
Therein, u is the displacement vector, ψ(r ) is the gravitational potential change, g is gravity, τ is the stress tensor, λ and μ are Lame parameters, I is the identity tensor and G is Newton's gravitational constant. To avoid operating with large quantities, we derived our formulae in a dimensionless form. We denote the values of λ and ρ at the centre of the Earth as units of elastic parameters and density. The value of gravity on the surface of the Earth, g 0 , is the unit of gravity, and the radius of earth, a, is the unit of length. The deformation field and potential change can be expressed as the following series of spherical functions (Takeuchi & Saito 1972) : (cos θ ) represents the associated Legendre function, θ and φ are respectively the colatitude and longitude. Variables y 1 (r ; n 0 ) and y 3 (r ; n 0 ), respectively, indicate the vertical and horizontal spheriodal harmonic components of displacement. Variables y 2 (r ; n 0 ) and y 4 (r ; n 0 ), respectively, denote the vertical and horizontal spheroidal harmonic components of stress. y 1T (r ; n 0 ) and y 2T (r ; n 0 ) are toroidal components. The variable y 5 (r ; n 0 ) indicates the harmonic component of potential change. The subscript and superscript 0 indicate deformation for the SNREI earth model to discriminate them from the notation for the 3-D heterogeneous earth model described later. In eqs (2.4)-(2.6), the following surface vector harmonics are introduced: In these equations, e r , e θ , and e φ are unit vectors in spherical coordinates. For convenience, we define y 6 (n 0 , r ) following Takeuchi & Saito (1972) :
y 6 (n 0 , r ) = dy 5 (r ; n 0 ) dr − 4π Gρy 1 (r ; n 0 ) + n 0 + 1 r y 5 (r ; n 0 ). (2.12) Substituting (2.4)-(2.6) and (2.12) into eqs (2.1)-(2.3), we obtain the first-order differential equations as dY dr = AY, (2.13) where Y = (y 1 , . . . , y 6 ) t and A is the coefficient matrix depending on the radius r, harmonic degree n and the earth model. The explicit expression of A can be found in Takeuchi & Saito (1972) . The dimensionless expression can be found in Sun (1992) . By integrating the linear system of six-order differential equations (2.13) with respect to the radial distance under suitable boundary conditions (Sun 1992) , the solution is obtained. Detailed discussions of the integral (2.13) are given in Takeuchi & Saito (1972) and Sun (1992) . All solutions Y = (y 1 , . . . , y 6 ) t on and inside the Earth are used as inputs of this study for the evaluation of 3-D effect.
D E F O R M AT I O N S F O R A -D H E T E RO G E N E O U S , S P H E R I C A L E A RT H M O D E L
Because of the small deviations of the earth structure from the stratified earth model, we cannot expand the deformations (u, ψ) as those in (2.4)-(2.6) because of the aspherical increments δρ (r, θ, φ) , δλ (r, θ, φ) and δμ (r, θ, φ) from the symmetrical earth model. However, we can use the disturbance method to investigate the effect of lateral inhomogeneity on displacements. We can expand the required solutions (u, ψ) into the Legendre polynomial according to Molodenskiy (1977) . Since the asymmetric increments in the Earth are very small, it is sufficient to expand (u, ψ) as a first approximation as follows (Molodenskiy 1980; Molodenskiy & Kramer 1980; Wang 1991; Fu & Sun 2007) :
For these equations, the following pertain:
The terms of y i (r ; n 0 ) are the spheroidal and toroidal solutions for the spherically symmetric earth. The terms related to y * i (r ; n 0 , n, m) give effects of the laterally heterogeneous increments. Once all individual effects y * i (r ; n 0 , n, m) are obtained, the corresponding displacement and potential changes (δu n 0 m 0 , δψ n 0 m 0 ) are readily calculable using eqs (3.5)-(3.6). According to the theory of Molodenskiy (1977 Molodenskiy ( , 1980 and following the notations of Takeuchi & Saito (1972) , the derivatives of Love numbers are obtainable using the Betti Reciprocal Theorem and the perturbation method. Taking a variation of eq. (2.1), we obtain
where (δu, δψ) as defined in eqs (3.5)-(3.6) are the perturbed solutions caused by lateral increments. (u 0 , ψ 0 ) are the unperturbed solutions of the initial Earth. Suffix i = 1, 2, 3 denotes the three components of coordinate system.
To obtain the solutions (δu, δψ), we define auxiliary solutions (u j , ψ j ), which satisfy the equilibrium equation and Poisson's equation.
Note that (u j , ψ j ) are the unperturbed solutions of spherically symmetrical earth. They can be the unperturbed solutions for the boundary conditions of tidal, shear, load or others (Molodenskiy 1977) . Multiplying (3.7) by the auxiliary solutions u j i , (3.8) by −δu i , adding them up, Coseismic displacements in a 3-D earth 709 then summing the result over i(i = 1, 2, 3) and integrating it over the volume, we obtain
Hereafter, we use the Einstein summation convention. Note that the volume v denotes the whole unit earth (r ≤ 1). Based on the deduction in Appendix A, we obtain the relation between the solutions of the spherically symmetric earth model, the earth model with laterally inhomogeneity and the auxiliary solutions as
where
In these equations, δg is the perturbation of gravity induced by δρ in the 3-D Earth. (u 0 , ∇ψ j ) means inner product. Assuming that the auxiliary solutions are defined by the following surface boundary conditions:
14)
then, we obtain the following results, respectively, after integration over the angular variables:
Note that the quadrature F j (δρ, δλ, δμ) is calculable if the earth model is given and solutions for spherically symmetric earth model and the auxiliary solutions are pre-calculated. The symbols on the right-hand side of eq. (3.15), y * 1 (1; n 0 , n, m), y * 3 (1; n 0 , n, m), y * 5 (1; n 0 , n, m) and y * 1T (1; n 0 , n, m) are determined when the auxiliary solutions are defined by the boundary conditions (3.14), that is, j = 1, 2, 3 and 4, separately. Inserting them into eq. (3.5) will get the 3-D effect on coseismic displacements. For simplicity we assume that the effects of the internal non-hydrostatic pre-stresses of the Earth are negligible. This assumption is reasonable because the timescale of seismic deformation is much shorter than the one of the mantle geodynamic processes. Further study of effects of pre-stresses leaves for a follow-on study. Then the expression F j (δρ, δλ, δμ) can be decomposed into three parts as 16) which corresponds to the effects of δλ, δμ and δρ, respectively. To express F j (δρ, δλ, δμ) in the form of a spherically harmonic series, we first expand the incremental model of elastic parameters δλ, δμ, density model δρ, potential changes model δV and its derivative δg as 
S P E C I A L C A S E S O F
The cases of n = 0 and n = 1 should be addressed separately when computing y * 1 (1; n 0 , n, m), y * 3 (1; n 0 , n, m), y * 5 (1; n 0 , n, m) and y * 1T (1; n 0 , n, m) in eq. (3.15) because the auxiliary solutions defined by boundary conditions eq. (3.14) are not always satisfied for the two cases.
For the case of n = 0, y * 1 (1; n 0 , 0, 0) can be determined with the help of the auxiliary solution (u j , ψ j ) defined by boundary condition j = 1 in formula eq. (3.14). However, coefficients y * 3 (1; n 0 , n, m) and y * 1T (1; n 0 , n, m) have no meaning because the spherical harmonic of zero degree is a constant and its derivative vanishes [see eqs (2.4), (2.10) and (2.11)]. Besides, the components of potential δψ of degree of zero in the free space must vanish because of conservation of the mass of the Earth under deformation. We get
(4.1)
For n = 1, auxiliary solutions (u j , ψ j ) deserve particular attention because they must fulfil the consistency relation (Farrell 1972) y 2 (1; 1) + 2y 4 (1; 1)
Because of this relation eq. (4.2), there exist only two of three independent solutions (Farrell 1972) . Moreover, the auxiliary solutions specified by the boundary conditions of eq. (3.14) do not satisfy eq. .14)). Furthermore, because the origin of the coordinate system is chosen at the centre of the Earth's mass, the potential degree one does not exist outside the planet, which implies that y * 5 (1; n 0 , 1, m) = 0. Thereby, y * 1 (1; n 0 , 1, m) is determined. Then, using the same method of calculating y * 1 (1; n 0 , 1, m), we can calculate y * 3 (1; n 0 , 1, m) by assuming y j 2 (1; 1) = 0. The toroidal components of degree one describe the rigid rotation of the Earth. Since we are interested in the coseismic and post-seismic deformation, the toroidal components of degree one can be omitted therefore we get y * 1T (1; n 0 , 1, m) = 0. Further discussion of the unperturbed solutions for the cases n = 0, 1 can be found, for example, in Farrell (1972) , Okubo & Endo (1986) and Sun & Okubo (1993) .
E F F E C T O F E A RT H ' S L AT E R A L LY H E T E RO G E N E O U S S T RU C T U R E S O N D I S P L A C E M E N T S
It is convenient to express the 3-D Earth using seismic wave and density models. For this purpose, we transform the variables λ and μ to the variables V p = (λ + 2μ)/ρ, V s = √ μ/ρ and ρ. Denoting V p , V s , and ρ as the mean values for a spherically symmetric earth model, δV p and δV s represent small spherically asymmetric corrections. At the same time we define α = δV p /V p , β = δV s /V s and γ = δρ/ρ. The expressions of δλ and δμ can be interpreted as the following:
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Then we can get
Note that in eq. (5.3), λ, μ and ρ denote the elastic parameters and density at depth r in an unperturbed earth. When j = 1, 2, 3, 4 using eq. (5.3) we can obtain y *
and y * 1T (1; n 0 , n, m), respectively. At last, putting eq. (5.3) into eq. (3.5) and eq. (3.6) we obtain the effect of lateral inhomogeneities of δλ, δμ and δρ on surface deformations.
Due to the so-called triangle relation (Jones 1985) , in which n, n 0 and l form a triangle with integral sides as |n 0 − l| < n < n 0 + l and m, m 0 and k form a triangle with m = m 0 + k, we obtain
where m = m 0 + k.
E F F E C T S O F E A RT H ' S L AT E R A L LY H E T E RO G E N E O U S S T RU C T U R E S O N C O S E I S M I C D I S P L A C E M E N T S
For simplicity we omit the discussions of the geometry of a dislocation in spherical coordinate, the choice of six independent point dislocations in a 3-D earth model, and the coseismic displacements caused by dislocations for a symmetrical earth. For details you can reference Fu & Sun (2008) . In this section, as well as Appendix D, we directly present the theoretical formulae for 3-D effect on coseismic displacement caused by six point sources: a vertical strike-slip, two vertical dip-slips perpendicular to each other and three tensile openings on three perpendicular planes. For seismic problems, the 3-D effect can be decomposed into two main contributions: the effects of source functions and the 3-D heterogeneous structure of the Earth. The former is easily calculable by applying the dislocation theory (Sun et al. 1996 (Sun et al. , 2009 ) for a spherical symmetric earth model. The computation can be performed by computing coseismic displacements for the source functions calculated for two sets of elastic parameters at the source: (μ + δμ and λ + δλ) and (μ and λ), respectively. The difference of the two sets of results gives the source effects. Note that the computation is performed based on the theory for a SNREI earth model. The latter is obtainable using the perturbation method described in previous sections. It has been shown in previous sections that the expansion coefficients of the deformation anomalies at the Earth's surface may be evaluated by integral F j (δρ, δλ, δμ) whose kernel functions depend only upon the 3-D heterogeneous earth models, the undisturbed solutions and the auxiliary solutions of the undisturbed system. Using expansions in spherical harmonics these integrals can be solved quasi-analytically. Therefore, we can obtain the coseismic effect of the Earth's lateral inhomogeneous structures on coseismic displacements if we know the unperturbed solutions and the 3-D heterogeneous earth models. We will discuss the latter ones in detail in this section. Sun et al. (2009) presented the coseismic displacement on the Earth's surface caused by a vertical strike-slip within a layered earth as
The subscript 12 denotes the type of the source; in this case, it is vertical strike-slip. Eqs (6.1-6.3) expresses the unperturbed solution for a spherical symmetric earth model. Note that eqs (6.1-6.3) are not normalized. We can translate eqs (6.1-6.3) into normalized imaginary forms as
where, m 0 = 2; y i,12 (1; n 0 ) are normalized coefficients and the normalization factor c m 0 n 0 is defined by eq. (2.8). Then, according to the discussion in previous sections, the corresponding perturbed solutions caused by the lateral increments of the 3-D inhomogeneous earth model are given as
where, m = m 0 + k. The inputted unperturbed dislocation solution is y i,12 (r ; n 0 ) for a symmetric earth which can be obtained from Sun et al. (2009) 
L for a spherically symmetric earth. Therefore, we can compute the perturbed solution δu 31 using the same procedure as that for computing δu 32 if we consider rotating the coordinates by π/2. Similarly, we can obtain solutions of δu 11 in the same manner as that used in computing δu 22 . Further discussion about coseismic deformation caused by an inclined dislocation at an arbitrary point can be found from Fu & Sun (2008) .
N U M E R I C A L R E S U LT S
In this section, we present the numerical results of coseismic displacements caused by three point dislocations (a vertical strike-slip, a vertical dip-slip and a tensile opening on a horizontal plane) located at the south of Japan velocity, S-wave velocity and density models) presented by Fu & Sun (2008) . The study area ranges from 15
• to 45
• latitude and from 115
• to 155
• longitude. Calculations and discussions are made for source depths of 637 km, 300 km and 100 km. We choose such deep sources for this study because the computational efforts involved with the numerical algorithm become much larger with the decrease of the source depth. Specifically, one calculation result takes about 4, 15 and 48 hr, respectively, for the cases with depth of 637, 300 and 100 km using a high-performance personal computer. The 3-D effects for a real shallow earthquake leave for a follow-on study. Coseismic displacements caused by an arbitrary source at arbitrary point inside the Earth are similarly calculable. The location parameters are summarized in Table 1 . Because the factor U dS/a 2 = 1 is assumed, the calculated results are dimensionless.
Effects of lateral inhomogeneity on coseismic displacements
Our detailed discussions are based on the dislocations of depth 637 km. The unperturbed coseismic displacements for a symmetric spherical earth model have been solved by Sun et al. (2009) . Therefore, we use them directly to compute the unperturbed coseismic displacements. For comparison, we first compute the unperturbed solutions and plot them as shown in the upper panels of Figs 1-3. They are retained merely for comparison to the perturbed solutions. The unperturbed displacements caused by the vertical strike-slip show a quadrant pattern (Fig. 1) . The case of vertical dip-slip (Fig. 2) shows a different pattern from that of the strike-slip. In half of the area the vertical displacements increased but in another half of the area the vertical displacements decreased. The magnitudes of the horizontal displacements are symmetrical according to the plane of the fault. The unperturbed solution of tensile opening on a horizontal plane shows a circular distribution (Fig. 3) in the local area. The larger the epicentral distance is, the smaller the unperturbed solutions are for vertical displacements. Among the three independent solutions, the displacements caused by tensile opening on a horizontal plane are the greatest. Note that all unperturbed solutions are presented as dimensionless because the factor U dS/a 2 = 1 is assumed. For an actual physical problem, the coseismic displacements with dimension can be obtained by multiplying byÛ dŜ â 2 , whereâ = 6371 km,Û dŜ are the dimensional values. In the case of an earthquake with seismic depth 637 km and seismic moment M 0 = 4.9 × 10 21 N · m, we can readily evaluate the unperturbed displacements in Figs 1-3 in the unit of millimetre.
Then, for the selected point shown above, we compute coseismic displacements caused by the three point seismic sources in the 3-D earth model (Fu & Sun 2008) . The numerical results of the perturbed solutions are shown in the lower panels of Figs 1-3, respectively. The perturbed solutions are expressed as percentages by the ratio with respect to the maximum value of the corresponding unperturbed solutions. For example, the maximum of the unperturbed vertical displacements caused by vertical strike-slip is about 4.5 (dimensionless). For that reason, the calculated perturbed solutions of vertical strike-slip are divided by 4.5. Because of the effect of 3-D structure of the earth model, the distributions of the perturbed solutions are not regular. Therefore, it is impossible to express the perturbed solutions in Green's functions, as used in the Sun et al. (2009) . They might be calculated and plotted case-by-case.
Compared to the unperturbed displacements in Figs 1-3 , we respectively observe the magnitude of the perturbed solutions caused by the three point dislocations. Fig. 1 shows that the perturbed displacements caused by the vertical strike-slip are about 1 per cent of the corresponding unperturbed solutions. Similarly, the changes are about 0.2-0.5 per cent for vertical dip-slip (Fig. 2) , about 0.4-2 per cent for tensile openings on a horizontal plane (Fig. 3) . In a word, the 3-D effects, vary concomitant with the source types, are about 1 per cent of the corresponding unperturbed solutions.
Contributions of three parameters
In this subsection, we examine respectively the contributions to coseismic displacements according to the three 3-D earth models: P-wave velocity model, S-wave velocity model and density model (including potential model and gravity model). The corresponding results of a vertical dip-slip source are represented in Fig. 4 . These results show that the 3-D effects of three earth models are different with each other. Among them the effects of S-wave velocity model are big: they are about 2-4 times larger than those resulting from P-wave velocity model and density model. The distributions of 3-D effects caused by three parameters are different with each other. Fu & Sun (2007) described that the contributions of the three parameters are of the same order for the gravity tidal factor; whereas we show almost one-order difference for the seismic problem. That difference implies that the contributions from the three parameters vary for different harmonic degrees.
Contributions of earth medium and dislocation source
From discussions of Fu & Sun (2008) we know that the perturbed coseismic displacements originate from two parts: the earth medium and dislocation source. The former is calculable by varying the equilibrium equations, whereas the latter is obtainable varying the source 714 G. Fu et al. Note that the unperturbed solutions are dimensionless because we assume U dS/a 2 = 1. The perturbed solutions are expressed as percentages by the ratio with respect to the maximum value of the unperturbed solutions.
functions. Actually, the source contribution is calculable through the conventional method for a spherical symmetric earth model (Sun et al. 2009 ) for two sets of source functions: for the elastic parameters for a spherically symmetric earth model, and for the parameters of the 3-D earth model. The difference of the two sets of results reveals the effect of dislocation sources. According to Fu & Sun (2008) , the effects of the dislocation source exist for three independent dislocations, but vanish for the other three. We present the effects of the dislocation source and earth medium for a vertical strike-slip in Fig. 5 . A comparison shown in Fig. 5 illustrates that the contributions of dislocation source and earth medium are at an equivalent level. Although both effects are dependent on the position of the dislocation, the source effect is apparently more sensitive. 
Effect of source depth
To study the effect of source depth we calculate the perturbed displacements for three point dislocations located at depths of 100 km, 300 km and 637 km, respectively. The results (Table 2 ) are expressed as percentages by the ratio with respect to the maximum value of the unperturbed solutions. Results show that the 3-D effect do vary concomitant with the source depth. Specifically the 3-D effects in Table 2 become smaller when source depths become shallower, which is due to the bigger denominator (the maximum value of the unperturbed solutions) for the shallower cases. The maximum unperturbed solutions are relatively bigger for shallower seismic sources (Sun & Okubo 2002) . In fact the absolute values of 3-D effects vary slightly with the change of seismic depth. The 3-D effects are the whole contribution of the Earth's lateral inhomogeneities from depth 2890 km to the Earth surface. The Earth's structure in both mantle and crust are all involved during the calculation but not only the shallow ones.
Remember that the numerical computations are done based on a 36-degree P-wave velocity model in which the velocities vary with depths and locations. The spatial variations can be seen at Zhao (2001) . From Zhao (2001) velocities from Preliminary Reference Earth Model (PREM) are always within 1-2 per cent, so that the 3-D effects in Table 2 are physically reasonable. Besides, the conclusion based on such a 36-degree earth model is not the ultimate one. The energy power beyond 20
• of Zhao's model is small. Therefore the calculated 3-D effects raised by high-degree increments are naturally small (Fu 2007) . However, because of the large structural difference in local area, a realistic 3-D earth model is expected to be ever larger than the present one in the lateral increments. For example, the lateral increment in the Japanese ocean area reaches about 20 per cent from PREM (Kobayashi 1998) . The 3-D effect should be even greater when a more detailed 3-D earth model is available, especially for a 3-D earth model with detailed local structure.
C O N C L U S I O N S
Based on perturbation method of Wang (1991) and dislocation theory of Sun et al. (2009) for a spherical earth model, this study presents a new method to evaluate surface coseismic displacements caused by point dislocations on a 3-D heterogeneous earth. First we calculate the
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unperturbed coseismic displacements on a layered spherical earth model (PREM, Dziewonski & Anderson 1981 ). Then we study the effect of the Earth's lateral inhomogeneities on coseismic surface displacements (3-D effect). The sum of 3-D effect and the unperturbed solution is the coseismic displacements caused by internal dislocations on a 3-D heterogeneous earth. In this study, the 3-D effects (resulting from the lateral increments) are deliberately divided into two parts: the effect of the 3-D earth medium and the effect of the seismic source. The effect of the seismic source can be obtained by varying source functions (Takeuchi & Saito 1972) and the effect of the 3-D earth medium can be solved by varying the equilibrium equations. We present calculation formulae for six special dislocations in a 3-D earth model: a vertical strike-slip, two vertical dip-slips perpendicular to each other, a tensile opening on a horizontal plane and tensile openings on two perpendicular vertical planes. Based on them we also present formulae for computing coseismic displacements caused by an arbitrary seismic source at an arbitrary point. The formulae presented in this study are more concise and understandable than those presented by Fu & Sun (2008) .
Finally, based on those 3-D models, numerical computations are performed for point dislocations located in the south of Japan (30 • N,
135
• E) with depth 100 km, 300 km and 637 km, respectively. Result shows that the maximum 3-D effect on coseismic displacements is about 1-2 per cent of the unperturbed solutions. The 3-D effects vary concomitantly with the source depths and dislocation types. Among them the effect of S-wave velocity model is much bigger than those of the other two parameters.
At the end of the paper we have to point out that this is a first-step theoretical study with many limits. For example, the dislocation sources are the simplest point ones; the depths of the point sources are much deeper than those real earthquake cases such as the 2004 Sumatra earthquake; the physical relationship between the distributions of 3-D effects on coseismic displacements and the tectonic background which causes the 3-D effects is not involved at all and so on. The calculation for real earthquakes leaves for follow-on studies.
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A P P E N D I X A : D E D U C T I O N F RO M E Q. ( 3 . 1 0 ) T O E Q. ( 3 . 1 1 )
Eq. (3.10) can be rewritten as
Since eqs (2.1) and (2.2) are self-conjugated, the reciprocal theorem can be used. With the help of the reciprocal theorem and integrating by parts, the integral (A2) can be expressed by the sum of an integral over the surface and an integral over the volume, which does not contain any solution variations as (Molodenskiy 1977) .
By using the zero stress boundary condition on the surface for the initial and perturbed boundary, we obtain
Then, by applying Green's formula and Poisson's eq. (2.3), the eq. (A3) becomes
Since the derivation of a constant vanishes
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We obtain
Developing the first two terms into a spherical harmonic series and keeping the other terms as remainder, the integral I becomes
Following Takeuchi & Saito (1972) , we define 
Using the free boundary conditions y j 6 (1) = 0 and the relation
Eq. (A18) becomes
G. Fu et al.
A P P E N D I X B : I N T E G R A L O F T H E T R I P L E H A R M O N I C P RO D U C T
The deformation at the Earth's surface can be evaluated by integrals over the whole Earth, whose kernel functions are expressed in terms of triple products of the parameter perturbations, the undisturbed deformations and the so-called auxiliary solutions, or their derivatives. Using the expansions in spherical harmonics, those volume integrals may be separated into series of products of radial and surface integrals. The radial integrals have to be carried out from the Earth's origin to the surface and, in general, have to be calculated numerically. The surface integrals, which consist only of triple products of spherical harmonics or their derivatives, will be carried out over a unit spherical surface and can be solved analytically. According to Wang (1991) , one fundamental type of the surface integrals is expressed as
where, C m n is defined by eq. (2.8),
where the summation indices k s (s = 1, 2, 3) are taken from 0 to (n s − m s )/2. The other fundamental type of surface integrals is
Also according to Wang (1991) , we obtain
where m 3 ) and so on.
Note that the above formula holds only when all the orders m 1 , m 2 and m 3 are not negative. If one of the three spherical harmonics in the triple products take the complex conjugate form as
We obtaiñ
Eqs ( 
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A P P E N D I X C : T R E AT M E N T O F T H E Q UA D R AT U R E F j (δρ, δλ, δμ)
According to Wang (1991) , the deviations of the deformations from that in the laterally homogeneous, isotropic and perfectly elastic case can be described by the integral 
In above equations the symbol • denotes the derivative with respect to r . y 0 (r ; n 0 )and y j (r ; n) are expressed simply by y 0 and y j , respectively. Besides, we also should consider the effect of asymmetric perturbations of the potential and gravity as 
Tensile fracturing on a vertical plane δu
22
Following Sun et al. (2009) , the displacement of a tensile fracturing on a vertical plane within a spherically symmetric earth can be expressed as 
where m = m 0 + k. The inputted unperturbed dislocation solution is y i,33 (r ; n 0 ) which can be obtained from Sun et al. (2009) 
